In this paper, we derive a new contour integral representation for the confluent hypergeometric function as well as for its various special cases. Consequently, we derive expansions of the confluent hypergeometric function in terms of functions of the same kind. Furthermore, we obtain a new identity involving integrals and sums of confluent hypergeometric functions. Our results generalized several well-known results in the literature.
Introduction
The confluent hypergeometric function M(γ , α, z), also denoted by 1 F 1 (γ ; α; z) and Φ(γ ; α; z), is defined as
where the Pochhammer symbol (a) n is (a) n = Γ (a + n) Γ (a) .
The function M(γ , α, z) is entire in z and γ , and is a meromorphic function of α with simple poles at the points α = 0, −1, . . . . Thus,
is the entire function of the parameters γ , α and the argument z. The confluent hypergeometric function has been studied in great detail from its mathematical point of view [1] [2] [3] . The Kummer function, as it is also named, belongs to an important class of special functions with a large number of applications in different branches of applied mathematics and physics (see [4] and references therein). In this paper, we derive a new contour integral representation for the confluent hypergeometric function and, as a consequence, we derive expansions of the confluent hypergeometric function in series of functions of the same kind. In particular, we generalize the Hadamard expansion for the confluent hypergeometric function [5, Furthermore, we derive a new identity involving integrals and sums of product of the confluent hypergeometric functions, which generalize several well-known relations, such as the integral addition theorem for confluent hypergeometric function (see [2, formula (15) , p. 271]). There have been a number of studies of this kind of sum-integral equality for confluent hypergeometric functions, for example [2, section 6.15.3] , and for its special cases see [9, 10] and references therein.
Finally, the results will be illustrated in some special cases of the confluent function, such as the Bessel functions, Laguerre polynomials and incomplete gamma function. For instance, we obtain the expansion of the confluent hypergeometric function in the series of the product of two incomplete gamma functions.
It should be pointed out that, by using the Riemann-Liouville operator of fractional calculus, in several recent works (see [11] and references therein) some generalizations of the firstorder Volterra-type integrodifferential equation governing the unsaturated behaviour of the free electron laser were introduced and investigated. In some of these works on fractional integrodifferential, equations of Volterra type have been used as an expansion formula for M in a series of the product of two incomplete gamma functions. Unfortunately, it was pointed out in [11] that the expansion formula does not seem to be correct. Thus, our result can be used in this problem.
Main results
The function M(γ , α, z) has several integral representations that play an important role in the theory and applications of confluent hypergeometric functions (see [12] ). Here, we derive a new contour integral representation for M(γ , α + ν, z), which generalizes the well-known result [12, formula (13.4.13), p. 327].
where
and γ (ν, x) is the incomplete gamma function. In particular, for α, γ ∈ Z, the integrand is one-valued function of t, and hence the path of integration may be replaced by any closed loop encircling t = 0 and t = 1.
Proof. By the principle of analytic continuation, we need to verify the validity of (2.1) only for e{α} > 0 and e{ν} > 0. By using the integral representation for γ * (ν, z) (see [12, p. 174 we have, after interchanging the order of integration,
By using contour integral for M (see [12, formula (13.4.13) , p. 327])
Finally, taking into account that (see [2, formula (16) 
where e{α} > 0 and e{ν} > 0, we can achieve this proof.
With the theorem (2.1), we obtain the new expansions of a confluent hypergeometric function in the series of functions of the same kind. Theorem 2.2.
Proof.
(i) By substituting the series expansions for γ * (ν, z) (see [12, p. 178 
in (2.1), we get, after interchanging the order of summation and integration
where | arg z| < π/2 and α, ν ∈ C. By using the analytic continuation, the last relation can be extended to z ∈ C. (ii) Taking into account, the multiplication theorem for γ * (ν, z) (see [2, 
the statement can be proved similarly to case (i).
As a corollary of theorem 2.2(ii), we get a generalization of the Hadamard expansion for the confluent hypergeometric function [5, formula (2.2.36), p. 119] (see also [13, 14] ).
Then, by using Euler's reflection formula for the gamma function (see [12, p. 138 
we have
which proves the corollary. Now, we derive a new identity involving sums and integrals of product of the confluent hypergeometric functions.
Theorem 2.4. For e{c}
Proof. Because both sides of (2.3) are entire functions in a , by the principle of analytic continuation, we need to verify the validity of (2.3) only for e{a } > 0. 
By using integral representation of
where e{α} > 0, we obtain after interchanging the order of summation and integration
On the other hand, taking into account that (see [2, 
where e{c} > e{c } > 0, we get after interchanging the order of integration
Then, the statement follows from (2.4).
Next, we show that the theorem 2.4 generalizes several well-known results. Using Euler's reflection formula for the gamma function (2.2), we have
and taking into account Kummer's transformation (see [12, p. 325 On the other hand, putting ω = 0 in (2.3), we get (see [2, formula (16) 
Combining this with formula (3) from [2, p. 284], after some computations, we establish
Then, it follows from (2.6), for z = 0 and ω = −1, and the above relation
Thus, (2.3) is a generalization of the integral addition theorem for the confluent hypergeometric function (see [2, formula (15) , p. 271]). Note that some other integral addition theorems of the confluent hypergeometric function are given in [15, 16] .
Special cases
Many well-known special functions can be regarded as special cases of confluent hypergeometric functions, or combinations of them. Here, we will consider the Bessel functions, Laguerre polynomials and incomplete gamma functions.
(a) Bessel functions
When γ = ν + We note that another contour integral representation of the modified Bessel function involving incomplete gamma function has been derived in [10] . 
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